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Present study provides a comprehensive theoretical analysis of the superconducting phase in se-
lected lithium-decorated bilayer graphene nanostructures. The numerical calculations, conducted
within the Eliashberg formalism, give quantitative estimations of the most important thermody-
namic properties such as the critical temperature, specific heat, critical field and others. It is shown
that discussed lithium-graphene systems present enhancement of their thermodynamic properties
comparing to the monolayer case e.g. the critical temperature can be raised to ∼ 15 K. Furthermore,
estimated characteristic thermodynamic ratios exceed predictions of the Bardeen-Cooper-Schrieffer
theory suggesting that considered lithium-graphene systems can be properly analyzed only within
the strong-coupling regime.
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Keywords: Graphene, Superconductivity, Thermody-
namic properties.
I. INTRODUCTION
Among all carbon allotropes [1], [2], [3], [4], graphene,
a single atomic carbon layer [5], is of special interest for a
wide scientific community [6]. The outstanding electronic
[7], optical [8], thermal [9], and mechanical [10] properties
of pristine graphene already established this material as
a promising candidate for a versatile variety of future
applications in nanotechnology [11].
At present, one of the most popular application do-
mains concerns the possibility of using graphene in na-
noelectronics [12]. Even by exploiting just the fundamen-
tal electronic properties of this material such as the high
carrier mobility, the perfect charge-carrier confinement
as well as the highly efficient carrier-carrier scattering, it
is possible to use graphene in future ambipolar transis-
tors [13], graphene/silicon hybrid systems [14], ultrafast
photodetectors [15], as well as the highly-efficient solar
cells [16].
All these inherent electronic features of unmodified
graphene stems from its intrinsically gapless character-
istic, protected by the inversion and time-reversal sym-
metry. However for some applications such low-energy
dynamics of electrons constitute at the same time one
of the crucial drawbacks of this material. In particular,
along with the low density of states at the Fermi level,
highly energetic in-plane vibrations, and lack of the cou-
pling between the in-plane electronic states and the out-
of-plane vibrations, they prevent the manifestation of the
quantum phenomenon of superconductivity. If possible,
novel graphene-based superconductors may lead to the
new generation of the superconductor-quantum dot de-
vices [17] or low-dimensional superconducting transistors
[18].
∗Electronic address: dszczesniak@qf.org.qa
Until now the possibility of inducing superconductiv-
ity in graphene was addressed mainly by the theoretical
studies. These investigations initially were considering
unconventional pairing mechanisms around the charac-
teristic Dirac points at the Fermi energy [19], [20] or in
the range of higher energies when the Fermi energy is
raised to the vicinity of the van Hove singularity [21]. On
the contrary, an early experimental investigations were
concentrating on the proximity effect driven supercur-
rents [22].
Later on it was predicted that the conventional
electron-phonon interactions may also lead to the induc-
tion of the superconducting state in graphene [23]. In this
spirit, the biggest attention in recent years was devoted to
strengthening the electron-phonon interactions by chem-
ical doping. The first interesting attempt was given in
[24], suggesting a high-temperature superconductivity in
graphane (a strongly hydrogenated graphene) under hole
doping.
Another theoretical proposals were devoted to doping
graphene with lithium atoms. The advent of this direc-
tion of research is marked by the recent work of Profeta et
al. [25] where authors discussed possibility of inducing
superconducting phase in graphene due to the removal
of the quantum confinement and hence generation of the
intralayer lithium electronic state at the Fermi level. In
what follows, the desirable rise of the density of states at
the Fermi level has been achieved, resulting in the strong-
coupling character of the superconducting phase in such
monolayer lithium-decorated graphene structures [26].
Further theoretical investigations were considering
enhancement of the superconducting properties in
graphene-lithium materials due to the influence of the
hexagonal boron nitride substrate [27] or applied strain
[28], as well as engineering the few-layer structures [29].
This is a general trend in the domain of superconduc-
tivity which aims to achieve the highest possible value
of critical temperature (TC) in the given material (please
see for example [30], [31], [32]). In particular, proposition
given in [29] should be of crucial interest for the scien-
tific community, since bilayer lithium-decorated graphene
structures are already experimentally proved to be ther-
modynamically stable [33].
ar
X
iv
:1
41
2.
25
89
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  6
 A
pr
 20
15
2In this context, present paper provides systematic
analysis of the thermodynamics of the superconducting
phase in selected graphene-lithium nanostructures. In
particular, calculations are conducted for the most op-
timal lithium-covered bilayer graphene structures which
are predicted to present the enhancement of the super-
conducting properties comparing to the monolayer case
discussed in [25], [26]. Due to the fact that consid-
ered structures are characterized by the relatively high
electron-phonon coupling constant (λ) values the cal-
culations presented in this work are carried out within
the Eliashberg formalism [34], a strong-coupling general-
ization of the classical Bardeen-Cooper-Schrieffer theory
[35], [36].
II. THEORETICAL MODEL
The primitive unit cells of the two lithium-decorated
bilayer graphene structures, considered in the present pa-
per, are depicted in Fig 1. In general, analyzed systems
consist of two graphene and two lithium layers which are
ordered in an alternating manner. The two graphene lay-
ers are always arranged, with respect to each other, so
that the A and B sub-lattice carbon atoms of one layer
are exactly above the corresponding A and B atoms of
the second layer (the so-called AA-stacking sequence).
L i  ( 2 n d  l a y e r )
L i  ( 1 s t  l a y e r )
C  ( 2 n d  l a y e r )
C  ( 1 s t  l a y e r )
A αA βA αA α
FIG. 1: Stacking schemes for AαAα and AαAβ lithium deco-
rated bilayer graphene. The Wigner-Seitz primitive unit cells
are marked in red.
The difference between both systems is viewed in the
terms of the stacking schemes of the two lithium lay-
ers. In the first case, lithium atoms in both layers oc-
cupy the same hollow sites above and below the second
graphene layer (stacking sequence AαAα). In the latter
case lithium layers are shifted to each other by the lattice
vector of the graphene layer (stacking sequence AαAβ).
As already mentioned, both systems are theoretically
predicted to be the phonon-mediated superconductors
with the electron-phonon coupling constant values ex-
ceeding the BCS limit (α < 0.3) [36]. In particular,
λ = 0.65 and λ = 0.86 for AαAα and AαAβ cases, re-
spectively. In what follows, the thermodynamic prop-
erties of these systems are described, throughout the
present work, in the framework of the isotropic Eliash-
berg equations [34]. The isotropic character of the El-
ishberg equations is caused by the single-band character
of the electron-phonon spectral functions (α2F (Ω)) pre-
sented in [29], which is adopted in the present analysis.
In order to solve the set of the isotropic Eliashberg
equations the iterative method presented in [26], [37],
[38] is used. The calculations are conducted on the
imaginary axis and in the mixed representation, tak-
ing into consideration the 1100 Matsubara frequencies:
ωm ≡ piβ (2m − 1), where β ≡ 1/kBT , with kB denoting
the Boltzmann constant. This numerical precision allows
to ensure the stability of the solutions for T ≥ T0 ≡ 1.75
K.
To this end, the electron departing correlations are
modeled by the Coulomb pseudopotential of the value
of 0.1, and the cutoff frequency for the calculations is
assumed to be ωc = 10Ωmax, where Ωmax denotes the
maximum phonon frequency equals to 193.25 meV and
to 181.68 meV for AαAα and AαAβ cases, respectively.
III. RESULTS AND DISCUSSION
A. Order parameter and superconducting
transition temperature
The superconducting transition temperature can be
determined quantitatively on the basis of the behavior of
the maximum value of the order parameter (∆m=1) by
solving the Eliashberg equations on the imaginary axis.
In details, TC is equal to the temperature at which ∆m=1
reaches the value of zero (∆m=1(TC) = 0). In Fig 2 (A),
the dependence of the maximum value of the order pa-
rameter on temperature is presented for two considered
stacking cases of the lithium-decorated bilayer graphene.
In this figure, open symbols represent the exact Eliash-
berg solutions, whereas solid lines stand for the results
obtained by using the following fitting formula:
∆m=1 = ∆m=1 (0)
√
1−
(
T
TC
)η
, (1)
where ∆m=1 (0) ≡ ∆m=1 (T0) is equal to 2.02 meV for
the AαAα stacking and 2.51 meV for the AαAβ stacking,
whereas η = 3.25 is the fitting paramteter.
In this context, the estimated critical temperature val-
ues are equal to 12.62 K and 14.71 K for the AαAα and
AαAβ systems, respectively. In what follows the increase
in the critical temperature value is observed when com-
paring to the monolayer LiC6 case (denoted here as a
35 1 0 1 50
1
2
3
5 1 0 1 51 . 6 3
1 . 6 4
1 . 6 5
1 . 8 0
1 . 8 4
1 . 8 8
∆ m
=1 (m
eV)
T  ( K )
 A α A β A α A α
 
B
Z m=
1
T  ( K )
 A α A β A α A α
A
FIG. 2: The dependance of the maximum value of the order
parameter (∆m=1) (A) and the wave function renormalization
factor (Zm=1) (B) on temperature, for the AαAα and AαAβ
stacking cases. The open symbols mark the exact Eliashberg
results whereas solid lines denote results obtained with the
fitting formulas 1 and 2 in the (A) and (B) subfigures, re-
spectively. The shaded areas in (A) give the superconducting
phase existence regions for the AαAα and AαAβ configura-
tions.
Aα stacking). This fact can be quantitatively summa-
rized by the following ratios: TAαAαC /T
Aα
C = 1.48 and
TAαAβC /T
Aα
C = 1.72, where T
Aα
C = 8.55 K [26].
Results presented in Fig 2 (A) can be next used to
determine, in the first approximation, the value of the
energy band gap at the Fermi level (2∆m=1(0)). In the
case of the AαAα and AαAβ type systems the 2∆m=1(0)
is equal to 4.05 meV and 5.02 meV, respectively.
Furthermore, by analyzing one of the ∆m=1 function
components, namely the maximum value of the wave
function renormalization factor (Zm=1), another approx-
imate estimation of the physical observable can be given.
In particular, the Zm=1 as a function of temperature (as
presented in Fig 2 (B)) describes the electron effective
mass (m?e) dependence on the temperature. The corre-
sponding relation is written as m?e ' Zm=1me, where me
denotes the band electron mass. In Fig 2 (B), similarly
as in the case of the ∆m=1 function, the open symbols
correspond to the exact Eliashberg results and the solid
lines are plotted with the help of the following formula:
Zm=1 = [Zm=1 (TC)− Zm=1 (T0)]
(
T
TC
)η
+ Zm=1 (T0) , (2)
where Zm=1 (TC) amounts 1.65 for the AαAα case and
1.86 for the AαAβ case. Moreover, the Zm=1 (T0) is equal
to 1.64 and 1.86 for the AαAα and AαAβ systems, re-
spectively.
B. Physical value of the energy gap at the Fermi
level and the electron effective mass
In order to determine precisely the physical value of the
energy gap at the Fermi level, and supplement results ob-
tained in the previous section, the Eliashberg equations
are solved in the mixed representation (for more details
please see [26], [37] and [38]). This procedure allows to
obtain the solutions of the Eliashberg equations on the
real axis (ω), which provide the quantitative values of the
energy gap at the Fermi level (2∆(T )) from:
∆ (T ) = Re [∆ (ω = ∆ (T ) , T )] . (3)
The obtained results are summarized in Fig 3 (A) and
(B) in the form of the total normalized density of states
(NDOS(ω)) for the selected values of temperature, cal-
culated as:
NDOS (ω) =
DOSS (ω)
DOSN (ω)
= Re
 |ω − iΓ|√
(ω − iΓ)2 −∆2 (ω)
 ,
(4)
where DOSS (ω) and DOSN (ω) denote the density of
states in the superconducting and normal state, respec-
tively. Moreover, Γ is the pair breaking parameter equal
to 0.15 meV.
In Fig 3 (A) and (B) the thermal effect of the successive
decrease of the 2∆(T ) value with the increasing temper-
ature can be observed. In the end the gapless behavior is
reached at T = TC , when the considered material reveals
the metallic character.
The detailed data of the real and imaginary parts of the
order parameter function at T0 = 1.75 K are presented
in Fig 3 (C) and (D). These results suggest lack of the
damping effects at the low-frequencies due to the non-
zero values of the Re[∆(ω)] parts. Also, strong correla-
tion between the shapes of the Re[∆(ω)], Im[∆(ω)] parts
and the corresponding Eliashberg functions is clearly vis-
ible.
The calculated values of the zero temperature energy
gap at the Fermi level (2∆(0) ≡ 2∆(T0)) are equal to
4.07 meV and 5.09 meV for the AαAα and AαAβ sys-
tems, respectively. Again, the notable enhancement can
be observed in the reference to the corresponding energy
gap value for the monolayer LiC6. The appropriate ratios
which describe this fact are: 2∆(0)AαAα/2∆(0)Aα = 1.49
and 2∆(0)AαAβ/2∆(0)Aα = 1.86, where 2∆(0)Aα = 2.74
meV [26]. These results are close to the correspond-
ing ones presented in the previous section for the su-
perconducting transition temperature, confirming simul-
taneously the strong correlation between the transition
temperature and the value of the energy gap at the Fermi
level. Following the BCS theory, these two parameters
can be represented in the form of the characteristic di-
mensionless ratio as [35], [36]: R∆ = 2∆(0)/kBTC . The
R∆ ratio is constant within the BCS limit and equals
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FIG. 3: The normalized density of states as a function of fre-
quency (NDOS(ω)) for selected temperature values and two
considered AαAα (A) and AαAβ (B) stacking cases. The
real (Re[∆(ω)]) and the imaginary (Im[∆(ω)]) part of the or-
der parameter on the real axis at T = T0 = 1.75 K for the
AαAα (C) and AαAβ (D) configurations. For comparison
purposes, the corresponding Eliashberg functions are plotted
in subfigures (C) and (D).
3.53, whereas for both considered cases the obtained val-
ues are equal to 3.74 and 4.02 for the AαAα and AαAβ
systems, respectively.
The exact calculation of the electron effective mass,
follows the imaginary axis case, and based on the analysis
of the wave function renormalization factor on the real
axis (Z(ω)), by using the following relation:
m∗e = Re[Z(ω = 0)]me, (5)
The m∗e/me ratios as a function of temperature are
presented in Fig. 4 (A) for two considered stacking cases
of the lithium-doped bilayer graphene. Additionally, the
corresponding detailed behavior of the Re[Z(ω)] func-
tion at T = TC for the AαAα and AαAβ systems is
depicted in Fig. 4 (B) and (C), respectively. The maxi-
mum value of the electron effective mass is obtained for
the AαAβ configuration at T = TC and equals 2me, com-
paring to the 1.61me obtained for the LiC6 monolayer
in [26]. The comparison ratios between the LiC6 mono-
layer and both considered in this paper stacking cases are:
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FIG. 4: (A) The effective electron mass to the bare elec-
tron mass ratio (m∗e/me) as a function of temperature for
the AαAα and AαAβ systems. The real (Re[Z(ω)]) and the
imaginary (Im[Z(ω)]) part of the wave function renormaliza-
tion factor at T = TC for the AαAα (B) and AαAβ (C)
stacking cases. For comparison purposes, the corresponding
Eliashberg functions are plotted in subfigures (B) and (C).
[m∗e]
AαAα/[m∗e]
Aα = 1.04 and [m∗e]
AαAβ/[m∗e]
Aα = 1.24,
where [m∗e]
AαAα = 1.67me.
C. Free energy and entropy difference between
normal and superconducting state
In the next step the free energy difference between the
normal and superconducting state is calculated on the
basis of the expression:
∆F
ρ (0)
= −2pi
β
M∑
n=1
(√
ω2n + ∆
2
n − |ωn|
)
(6)
× (ZSn − ZNn
|ωn|√
ω2n + ∆
2
n
),
where the ρ(0) denotes the electron density of states at
the Fermi level, and ZSn and Z
N
n are the the wave func-
tion renormalization factors for the superconducting (S)
and normal (N) state, respectively. The determination of
the ∆F function is of crucial importance for the further
calculations of the entropy difference between the super-
conducting and normal state (∆S), the specific heat for
the superconducting state (CS), and the thermodynamic
critical field (HC).
Aforementioned ∆F and ∆S differences between the
superconducting and normal state are presented in Fig.
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FIG. 5: (A) The normalized free energy difference between the
superconducting and normal state (∆F/ρ (0)) as a function of
temperature for the AαAα and AαAβ stacking cases. (B) The
temperature dependance of the normalized entropy difference
between the superconducting and normal state (∆S/kBρ (0))
for the AαAα and AαAβ configurations.
5 as a function of temperature. The normalized ∆S/ρ(0)
function is calculated as:
∆S
kBρ (0)
=
d [∆F/ρ (0)]
d (kBT )
. (7)
It can be seen that both functions take the negative
values and reach value of zero at T = TC . The nega-
tivity of the free energy difference between the normal
and superconducting states, assures the thermodynamic
stability of the superconducting state in the temperature
range T ∈ 〈T0, TC〉. In what follows, the change from the
AαAα to the AαAβ stacking strengthens the the stabil-
ity of the supercodnucting phase in the lithium-decorated
bilayer graphene. At the same time, for both stacking
cases, the ∆S(TC)/ρ(0) = 0 realtion satisfies the third
law of thermodynamics. In summary, results presented
in Fig. 5 are the testimony for the correctness of the
calculations at this point.
D. Specific heat and thermodynamic critical field
Solutions obtained in the previous section are further
used to determine the temperature dependance of the
specific heat for the superconducting state (CS), and the
thermodynamic critical field (HC). In particular, the lat-
ter quantity is calculated as:
HC√
ρ (0)
=
√
−8pi [∆F/ρ (0)]. (8)
On the other hand, the specific heat for the supercon-
ducting state is given by:
CS = CN + ∆C. (9)
where, CN denotes the specific heat for the normal state
of the given form:
CN (T )
kBρ (0)
=
γ
β
, (10)
and ∆C is the difference between the specific heat for the
superconducting and normal state written as:
∆C (T )
kBρ (0)
= − 1
β
d2 [∆F/ρ (0)]
d (kBT )
2 . (11)
In Eq. 10, γ ≡ 23pi2 (1 + λ) is the Sommerfeld constant.
The results obtained for the temperature depen-
dance of the normalized thermodynamic critical field
(HC/
√
ρ (0)) and the normalized superconducting spe-
cific heat (CS/kBρ (0)) are presented in Fig. 6 (A) and
(B) respectively. Particularly, in Fig. 6 (B), the char-
acteristic jump of the CS/kBρ (0) function at T = TC is
visible and marked by the vertical dashed lines.
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FIG. 6: (A) The temperature dependance of the normalized
thermodynamic critical field (HC/
√
ρ (0)) for the AαAα and
AαAβ stacking cases. (B) The normalized specific heat for
the superconducting (CS/kBρ (0)) and normal (C
N/kBρ (0))
state as a function of temperature for two considered AαAα
and AαAβ configurations.
Futhermore, the maximum values for the normalized
thermodynamic critical field (HC(0)) amount 9.07 meV
and 11.60 meV, whereas for the normalized specific heat
for the superconducting state (CS(TC)) equal 34.67 meV
and 49.65 meV for the AαAα and AαAβ systems, re-
spectively. In comparison to the LiC6 monolayer case
the obtained ratios are: HC(0)
AαAα/HC(0)
Aα = 1.45
and HC(0)
AαAβ/HC(0)
Aα = 1.86, where HC(0)
Aα =
6.24 meV, and CS(TC)
AαAα/CS(TC))
Aα = 1.80 and
CS(TC)
AαAβ/CS(TC)
Aα = 2.58, where CS(TC)
Aα =
19.28 meV.
Above results allows next the determination of the
characteristic dimensionless ratios for the thermody-
namic critical field (RH) and specific heat (RC). In par-
ticular, the RH and RC parameters are given by [35],
6[36]:
RH ≡ TCC
N (TC)
H2C (0)
, and RC ≡ ∆C (TC)
CN (TC)
. (12)
In what follows, the obtained estimations are: RH=0.163
and RC=1.93 for AαAα, and RH=0.150 and RC=2.20 for
AαAβ, where the BCS theory predicts: RH=0.168 and
RC=1.43.
IV. SUMMARY
The present paper reports systematic analysis of the
superconducting phase in the lithium-decorated bilayer
graphene with two different layer stacking configurations
(AαAα and AαAβ). The presented discussion highlights
quantitatively subtle relation between the composition
and arrangement of the lithium adatoms on the graphene
sheets and the resulting superconducting properties. In
general, the superconducting graphene-lithium nanosys-
tems are then expected to be rather sensitive to the ma-
terial engineering and further preparation of the corre-
sponding nanodevices.
The main finding of the present paper reveals that the
analyzed lithium-decorated bilayer graphene systems ex-
hibit notable enhancement of the superconducting ther-
modynamic properties in comparison to the monolayer
case discussed previously in [25] and [26]. Of partic-
ular attention is the AαAβ stacking configuration case
which exhibit stronger superconducting properties then
the AαAα one and is characterized by the transition tem-
perature equals to 14.71 K.
It is also proved that the AαAα and AαAβ nanosys-
tems can be analyzed only within the strong-coupling
regime. This observation is made on the basis of the com-
parison between the characteristic thermodynamic ratios
(R∆, RH , and RC) calculated for the considered systems
and the values predicted by the BCS theory. In particu-
lar, the R∆, RH , and RC exceeds limits of the BCS the-
ory for both the AαAα and AαAβ stacking cases. These
discrepancies occur due to the strong-coupling and retar-
dation effects, which are not included in the mean-field
BCS theory. In what follows, the BCS approach is likely
inadequate for the proper analysis of the superconducting
properties in the context of the bilayer lithium-graphene
systems.
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